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 Abstract 
The present paper is aimed to model the effects of the application 
of ultrasonic such as temporary softening and residual 
hardening. While temporary softening is noted in the 
simultaneous action of ultrasound and mechanical forces, 
residual effects reveal themselves after switching off the 
ultrasound. The mathematical description of these phenomena is 
conducted in terms of the synthetic theory of irrecoverable 
deformation. A good match is obtained between the model and 
experimental results. 

1 Introduction  

Many studies related to the effect of ultrasound on the deformation behavior of metals have 
shown almost similar results for the behavior of these metals under the influence of ultrasound 
[1,2,3], mentioning briefly (Fig. 1): (i) Temporary softening, where the plastic flow of metals occurs at 
stresses less than during standard loading range. This phenomenon is referred to as Ultrasound-
assisted deformation (acoustoplasticity). (ii) Ultrasonic residual effects. Where vibration can 
permanently change the mechanical properties of the metals, and it is also called deformation in the 
post-sonicated period. 

Researchers introduced several models to simulate these phenomena; most of them have 
focused on varying the friction coefficient for reducing the friction forces to explain the application of 
ultrasonic energy on simulating ultrasonic-assisted deformation processes [4,5,6]. Siddiq [7,8] found 
that combined acoustic softening (volume) and thermal softening (surface) effects in the material 
model perform more authentic simulations of ultrasonic consolidation processes. Recent studies 
show that the implied microstructural deformation can be predicted using developed 
micromechanics-based constitutive models [9,10]. 

This work is progress in our research of modeling the effect of ultrasound on the plastic 
deformation of metals [11,12,13] that started with Rusinko [14] in terms of the synthetic theory of 
irrecoverable deformation [15]. Here we discuss and model the result obtained by Kang et al. [16], 
which involves the residual softening for copper in addition to acoustic temporary softening. 

 

Figure 1. Ultrasonic effects 
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2 Synthetic theory 

In terms of this theory [12], we can determine the plastic deformation at a point of the body 
through deformations at the microlevel of material, which means that, as a sum of plastic shifts in 
active slips systems where the resolved shear stress overpasses the material yield strength. 

 

�⃗� = ∭𝜑𝑁�⃗⃗� 𝑑𝑉

𝑉

, (1) 

where 𝜑𝑁– plastic strain intensity – is an average measure of plastic deformation within one slip 
system. The plastic flow rule on the microlevel of material can be defined as 
 

𝑟𝜑𝑁 = 𝐻𝑁
2 − 𝑆𝑆

2     (2)  

We represent the loading by stress vector �⃗⃗� (√2 3⁄ 𝜎, 0,0) which elongates along the 𝑆1 axis, 

as a result, the formulae (1) and (2) will take the following form 
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2
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2], (3) 
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(5) 

where 𝑟  is the model constant determining the slope of 𝜎~𝜀 curves [𝑟] = Mpa2, 𝜎𝑆  is the yield strength 
of the material. 

 
The integration boundaries in (4) are acquired from (3) by letting 𝜑𝑁 = 0 and 𝜆 = 0: 
 

sin𝛽1 =
𝜎𝑆

𝜎
≡ 𝑏,    cos 𝜆1 =

𝜎𝑆

𝜎 sin𝛽
. (6) 

 

3 Extension of the Synthetic Theory to the case of plastic straining in the 
presence of ultrasound 

To model the effects of ultrasound on the plastic strain of metals, Eq. (2) will be extended by 
two terms, 𝑈𝑡and 𝑈𝑟 as: 

𝑟𝜑𝑁𝑈 = 𝐻𝑁
2 + 𝑈𝑡

2 + 𝑈𝑟
2 − 𝑆𝑆

2, (7) 

where 𝑈𝑡 represents the acoustoplasticity (temporary softening) action of ultrasound: 

𝑈𝑡 = 𝐴1𝜎𝑚
𝐴2(2 − 𝑒−𝑝𝑡)(�⃗⃗� ∙ �⃗⃗� ),    𝑡 ∈ [0, 𝜏] (8) 

where 𝜎𝑚 is vibrating stress amplitude Mpa, 𝑝 and 𝐴𝑘 (𝑘 = 1,2) are model constants, 𝜏 is the 

sonication duration and �⃗⃗�  is a unit vector expressing the vibration mode (torsional, longitudinal, etc.). 

For longitudinal sonication, the vector has (1,0,0) coordinates in 𝒮3. 

The stress amplitude links to the temporary softening effect by the power function 𝐴1𝜎𝑚
𝐴2. 

Consequently, the temporary multiplication of ultrasound-induced defects (𝜓𝑁𝑈) is linked to the term 

𝐴1𝜎𝑚
𝐴2(2 − 𝑒−𝑝𝑡)[11]. We define 𝑈𝑟 as stress and time-dependent function: 

𝑈𝑟 = ℎ(𝜀 − 𝜎𝑚) × 𝐴3 ∫𝜎𝑚
𝐴4𝑑𝑡

𝜏

0

, (9) 
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where ℎ is the Heaviside step function, 𝜀 is any positive insignificantly small number. Therefore, 

ultrasound of any intensity results in a negative value of (𝜀 − 𝑈). The ℎ(𝜀 − 𝑈) function means that 
the 𝑈𝑟 term comes into effect only after switching off the ultrasound. The intensity of sonication is 
not the only parameter ruling the magnitude of the hardening effect. Specifically, sonication duration 
plays an important role; namely, the time-integral in (9) reflects the time-dependent value of 
ultrasonic energy inserted into the material. Outlining, the post-sonicated-defect-pattern that is 
leading to the change in material characteristics/response after the acoustoplasticity is reflected by 
𝑈𝑟. 

 

𝑟𝜑𝑁𝑈 = 𝐻𝑁
2 + 𝑈𝑡

2 − 𝑈𝑟
2 − 𝑆𝑆

2. (10) 

where 𝜑𝑁𝑈 is the plastic strain intensity accumulated during the acoustoplasticity. 
 

4 Uniaxial loading coupled with longitudinal vibration  

4.1 Once the vibration started, formulae (8) and (10) at 𝒕 = 𝟎 will give 
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(11) 

 
Where 𝜑𝑁𝑈 = 0, the boundary angles 𝛽 and 𝜆 are: 
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3
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. 
(12) 

Equalizing 𝑏𝑈 and 𝑏 from (12) and (6) yields the value of the stress 𝜎𝑈 which keeps the same 
deformation as before switching on the US: 

 

𝜎𝑈 = √𝜎2 −
3

2
(𝐴1𝜎𝑚

𝐴2)2. (13) 

 
Eq. (13) calculates the ultrasound-induced stress drop. 

4.2 At the time of simultaneous action of unidirectional loading and ultrasound, 𝒕 ∈ [𝟎, 𝝉], 
Eq. (10) become 
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2

3
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3
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(14) 

  

Plastic deformation in temporary softening (𝑒𝑈) is calculated by Eq. (1) with the integrand from (14). 
As a result, 
 

𝑒𝑈 = 𝑎0𝛷(𝑏𝑈), 𝑏𝑈 =
𝜎𝑆

√𝜎𝑈
2 +

3
2 (𝐴1𝜎𝑚

𝐴2(2 − 𝑒−𝑝𝑡))
2
. 

    (15) 
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4.3 After US is off, 𝑼𝒕 = 𝟎 and 𝑼𝒓 > 𝟎, the plastic strain intensity becomes of negative sign, i.e., 
the development of plastic deformation ceases. Eqs. (9) and (10) become 

𝐻𝑁
2 = 𝑟𝜑𝑁𝑈 +

3

2
[𝐴3𝜎𝑚

𝐴4𝜏]2 + 𝑆𝑆
2, (16) 

  
to plastic strain intensity from remains negative, we have an elastic deformation increment only, 
 

𝑟𝜑𝑁𝑈 =
2

3
[(𝜎 𝑠𝑖𝑛 𝛽 𝑐𝑜𝑠 𝜆)2 +

3

2
[𝐴3𝜎𝑚

𝐴4𝜏]2 − 𝜎𝑆
2] (17) 

Comparing formulas (17) and (3), it is clear that 𝜑𝑁𝑈 > 𝜑𝑁 and we obtain the case of ultrasonic 

residual softening, i.e., the ~𝜀 curve locates beneath that, where unidirectional load acts alone. 

5 Results 

We plot stress-strain curves using the formulae mentioned in the previous section obtained in 
terms of the synthetic theory. 
Initially, we select the value of 𝑟 that can match the standard 𝜎~𝜀 curve (without ultrasound) to the 
experimental one. The theoretical 𝜎~𝜀 diagram from Fig. 2, which is plotted using Eqs. (4)-(6) at 𝑟 =
40000 MPa2, 𝐸 = 2.5 Gpa, and 𝜎𝑆 = 160 MPa, shows good agreement with experimental data. 
 

 
 

Figure 2. Stress~strain compression diagrams (experimental data [13] with model curves). 

Once the stress reaches 218 MPa, ultrasound is on with strain rate increased to (1/s). The 
value of the amplitude 𝐴 used in the experiment is 1.3 μm [13]. To calculate the amplitude of 

oscillating stress representing 𝐴, presented in the following formula: 
 

𝜎𝑚 = 𝐸
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𝐴, (18) 
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where 𝑐 is the speed of sound in copper 𝑐 = 4760 m s⁄ , and 𝑓 is the frequency (𝑓 = 20 kHz) [1]. As 
a result, 𝜎𝑚 = 4.39 Mpa. Next, we plot 𝜎~𝜀 diagrams under the action of ultrasound using formula 

(15). Constants, 𝐴1 = 43 × 10−2 MPa1−𝐴2, 𝐴2 = 0.5, 𝑝 = 1 × 10−3 s−1, lead to accurate results.  
Finally, to model the deformation of post-sonicated material (residual stress), which is calculated 

using Eqs. (17) and (1), at 𝐴3 = 2.1 × 10−7 MPa1−𝐴4 and 𝐴4 = 1.1 show a good match with 
experimental data. 
 

6 Conclusion 

This study modeled acoustic temporary softening and acoustic residual softening in vibration-
assisted plastic deformation. The synthetic theory of irrecoverable deformation was developed to set 
the model. Good agreement between the analytical results with experimental data was shown. Two 
terms, which govern the deformation characteristic of material during sonication and after it, were 
inserted into the plastic flow rule. The first term reflects the accumulation and dynamic annealing of 
defects, two opposing processes occurring during acoustoplasticity; the dynamic annealing of 
defects has a dominant role in the temporary softening. The second term describes how post-
sonicated material's defect structure manipulates the material's supplementary deformation (also 
called residual softening or hardening). 
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